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The Fluid Mechanics and Heat Transfer of
Injection Mold Filling of
Thermoplastic Materials

For injection flow of thermoplastic material in thin cavities, with some
minor restrictions, both pressure and stream function obey Laplace equa-
tions, An analytical-numerical method, with a generalized viscous model
used, is developed for determining the shape of a progressing flow front
and for computing flow quantities and temperature distributions. Specific-
ally, flows in a rectangular cavity are solved and compared to experiments.
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SCOPE

The injection molding process is a very important
fabricating method in producing plastic articles. Its tech-
nique, however, has been essentially an art, and the
trial-and-error approach employed in production often
cannot cope with variations in resin properties, complexity
of molding geometries, and variations in process param-
eters. To seek optimum control of the molding variables,
a model simulation of the process is highly desirable as it
may enable the prediction of the filling behavior and
mechanical properties of the finished products,

For convenience of analysis. the molding process can
be divided into filling, packing, and cooling stages be-
cause of their respective characteristics, as outlined by
Kamal et al. (1975). This paper deals with the fluid me-
chanics and heat transfer aspect of the filling stage of
thermoplastic materials. Analyses of subsequent stages,
which require the temperature and flow fields at the end
of filling as given initial conditions, will be reported in
separate papers.

AIChE Journal (Vol. 22, No. 4)

Polymer melts are viscoelastic and compressible, and
injection flows are three dimensional, unsteady, noniso-
thermal, and involve a free surface. An analysis involving
every factor of the flow and the material is extremely
difficult. In view of the fact that molded plastic parts are
usually combinations of various thin sections, an analysis
dealing with thin cavities is realistic and may lead to
simplification of the problem. Such.an approach has been
employed in many typical numerical analyses, using finite
difference techniques by Kamal and Kenig (1972), Wu
et al. (1974), Lord and Williams (1975), and other charac-
teristic studies by Richardson (1972) and White (1975)
on injection mold filling. Some experimental studies by
Menges and Wubken (1973), White and Dee (1974), and
Schmidt (1974) used thin cavities.

In this paper, the implications of thin cavities is ex-
plored further. Based on thin cavity approximations, an
energy equation and equations of stream function and
pressure (two dimensional) are developed for solving
flow quantities and temperature distributions in complex
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cavities. The analysis considers general dependency of
viscosity on both shear rate and temperature.

For testing the theory and computations, experimental
results obtained by Doan (1974) were used for comparison,

Shown in this paper are the results of using commercial
polystyrene and polyethylene resins in filling a rectangular
cavity .318 cm X 6.35 cm X 22.9 cm in size through a
small gate under wide variations of molding conditions.

CONCLUSIONS AND SIGNIFICANCE

With assumptions of both viscosity and temperatures
varying strongly across a narrow cavity but weakly in
the flow direction, it is shown that both the pressure and
the stream functions obey Laplace equations even for
thermoplastic flows. Physically the equations apply to
cases involving small variations of temperature and flow
area in the flow direction. According to potential theory,
the streamlines and isopressure lines are orthogonal. This
condition, observed also experimentally, enables the de-
termination of flow front shapes theoretically by using
well-established techniques such as conformal mapping.

Moreover, the analytical-numerical method developed
enables use of a generalized viscous model. Good agree-
ment was obtained between computational results and
experimental measurements on pressure distribution and
progression of flow front. Findings of particular interest
are that profiles of the flow fronts vary more with effec-
tive width of the gate but less with the type of resin,
and that the temperature gradient in the flow direction
is small. The latter finding is consistent with our prior
assumption regarding the temperature field for the de-
velopment of working equations.

ANALYSIS

Thin Cavity Approximations

The implications of thin cavity approach are:

1. The ratio of thickness to width is much less than
unity.

2. The variation of pressure and the transverse velocity
near the flow front across the narrow gap are negligible.

3. The gradients of (extra) stresses are much larger in
the thickness direction than in flow directions.

4. The gradients of viscosity, temperature, and velocity
vary strongly across the thin gap but vary weakly in flow
directions.

5. Inertia force is negligible when compared to a very
large viscous force; that is, the Reynolds number is much
less than unity.

6. Surface tension and normal stress effects on the pro-
files of a free surface (on the x, y plane, see Figure 1) are
insignificant owing to the small change of curvature.

The above approximations are direct consequences of a
thin cavity approach. Most significantly, the injection flow
is thus simplified as two dimensional. In this case, a New-
tonian velocity solution is the solution to a viscoelastic
fluid of second order (Tanner, 1966). It is expected that a
purely non-Newtonian viscous solution can be the first-
order solution to a constitutive equation for a nearly vis-
cometric flow (Kuo, 1973). Furthermore, it is assumed
that the stress relaxation, which is important in viscoelastic

N
2c jb
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Fig. 1. Sketch of the rectangular cavity and the coordinate system.
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flows involving sharp change of stresses, does not play a
significant role here since the polymer melt undergoes
strong shearing continuously when pushed from a gate into
the narrow cavity. In the present approach, the effect of
the elongational rate on the viscosity in the radial flow
region (Laurencena and Williams, 1974) is also ignored
owing to dominant roles of the shear rate and the shear
stress gradient mentioned previously. Its effect may dimin-
ish if the thin cavity approximation is confined to a dis-
tance away from the flow source or the gate. For simplic-
ity, the analysis to follow will treat the melt as incom-
pressible during the filling stage. The above approximations
imply that an analysis with a generalized viscous model
used may yield satisfactory solutions to the injection flows
of thermoplastics in thin cavities.

Governing Equations
In the subsequent derivations, the following type of
constitutive equation for the shear stress = will be used:

T :W(T’ 72) (1)

in which 7 is a general viscosity function depending on
both the temperature T and the shear rate y. The scalar
value of the shear rate is defined as

. du \2 ( ov )2

2= | — —_

4 ( 0z ) + 0z (2)
where the velocity components u and v are in accordance
with the Cartesian coordinate system x, y, 2 as shown in
Figure 1. Note that the coordinate z is in the thickness
direction of the cavity.

As a result of thin cavity approximations outlined previ-
ously, the momentum equations can be simplified to

gP ] ou

Z b (12 )= o0 ()

P+ (22) =0 (4)

— —— e ————

oy 0z

The terms inside the parentheses on the left-hand sides are
the x, y components of the shear stress. The above two
equations show the balance of the pressure and the shear
gradients. The roles of gradients of normal stresses and
the inertia force diminish as the thickness/width ratio o
becomes very small. It can be shown that the ignored
terms are of second order as indicated above.
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To solve for the velocity components, an integration of
Equations (3) and (4) with respect to z with a no-slip
boundary condition on the walls z = * @ yields

P
U= -sg—c— [} (5)
v = ° @ (6)
dy
where
:ff—Ji——M’ (7

n (x, Y, z’, t)

Note that the derived function ® may vary strongly in z
but weakly in x and y directions as the viscosity 5 does.

In order to carry out the integration, the viscosity profile
must be obtained. With some manipulation of Equations
(3) and (4), we obtain

oP \2 P \2
rwp=| (5 )+ (5 )]s o
arwp= (5 )+ (5 ) 12 ®
The shear rate and the viscosity can be found provided
the functional form of the viscosity is given and both the
temperature and the pressure fields are known.

For later convenience, here we define the stream func-
tion as follows:

w=—2cwe (9)
ay

v = a—w G(t) @ (10)
ax

Because we ignore secondary flow, the stream function de-
pend on %, y and time only. The function G(2) is related
to the front location and a given pressure variation near
the gate. It should be pointed out that the above two
forms satisfy the continuity equation to a second order as
a result of the condition that the function ® varies weakly
in % and y directions.

By substituting the above equations into Equations (5)
and (6) and then cross differentiating, we obtain an equa-
tion for the pressure:

2P 82P

+
In? dy?

=0(s?) (11)

Further manipulation leads to an equation for the stream
function:

% 2y
8x2 oy?

= 0(o?) (12)

It is shown that, ignoring the second order, both the stream
function and the pressure for the type of non-Newtonian
fluid described by Equation (1) obey the Laplace equa-
tion.

In the steps to obtain the above equations, the following
conditions have been assumed:

1 80
o (134)
1 é®

Physically, the above conditions mean that the analysis is
applicable to small changes in flow area and moderate
variation of temperature in flow directions.

With the constraints mentioned above, we extend the
theory of Hele:Shaw (Schlichting, 1968) on steady New-
tonian viscous flow in narrow parallel plates to unsteady
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nonisothermal and non-Newtonian flows. Moreover, on the
basis of the potential theory, constant streamlines and iso-
pressure lines are orthogonal. As the surface of the pro-
gressing front is that of constant (atmospheric) pressure,
therefore the profile of the melt front is also orthogonal
to the streamunes. In this respect, the thin cavity ap-
proach also simplifies the determination of free surfaces,
Impiying that the combined eftects ot surface tension, nor-
mal stresses, and zero shear condition (Kuo and Tanner,
1974) are negligible. In terms of the theory, the flow
pattern of filling thin cavities can be mathematically de-
scribed by harmonic functions or determined by a con-
formal mapping technique. Some analytical methods were
described by Richardson (1972) on unbounded injection
flows. As a matter of fact, one can easily plot low patterns
with orthogonal meshes and regard contours of cavity side
walls and inserts as boundary streamlines.

Moreover, the derived Lapiace equations for the pres-
sure and the stream functions can be extended to two-
dimensional injection flows bounded by curved walls with
small variations in thickness and curvature. In this case
%, y, and z should be a properly chosen curvilinear orthog-
onal system of coordinates and the local half thickness
may be used to replace the integration limit ¢ in Equation
(7).

Rectangular Cavities

A study of filling rectangular cavities is of great inter-
est, since the flow field involves the transition of a di-
vergent radial flow to a convergent one confined by the
parallel side walls after the injection front hits the cavity
corners.

With reference to the Cartesian coordinate system shown
in Figure 1 with its origin at the center of the gate-cavity
junction and x, y, plane parallel to the cavity plates, the
boundary conditions for the stream function ¢ are

%§=o £>0,y=%b (14)
-g—:—:() =0,y >c (15a)
or

—_—=—=U, s =0, =

- (1.1 =0y =c (15)
=19, t=0,y>c;y=D>b (16a)
v =1, x=0,y<—c;y=—Db (16b)

where b and ¢ are the half widths of the cavity and the
gate, respectively. The Laplace equation of ¥ should be
solved in conjunction with the solution of pressure, satisfy-
ing the following boundary conditions:

P =0 x=R,y=0;Xe(y)  (17)
P =P,(t) X=1,y=0 (18)
B Uy )G =0y =0 (18)

ax

Here we denote the front profile by X¢(y). Note that ¥,
is a constant, and the conditions (16a4) and (16b) mean
that the contours of the cavity edge are streamlines.

The forms of U, (y, ) can be determined by assuming
a similarity of velocity profiles. It may be first assumed
that the axial pressure gradient is uniform in the capillary
gate, implying that both the function U, (y,%) and the
velocity are uniform across the gate width according to
Equations (15b) and (19). Based on this condition, the
shear rate at the gate-cavity junction can be found through
the following equation obtained by integrating Equation
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Fig. 2. Pressure drops from the gate to the flow fronts.
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Fig. 3. The flow pattern in a cavity with a narrow gate.

(3):
oy 08 dP
(T, ¥%) P i (20)

Consequently, the velocity distribution across the gap at
the gate u(0,0,z) can be calculated by using Equation
(5). Thus, a simple means to correct the previous assump-
tion is to assert that the form of U, (y) is similar to u(o,
0, z). In the boundary condition as shown in Equation
(18), P, (t) is a given pressure variation in time mea-
sured at x = 1, a distance away from the origin. It should
be pointed out here that no-slip conditions on the cavity
edges are ignored. An analysis on the boundary flow may
show that a solution satistying the preceding boundary
conditions is applicable close to the side walls, up to a
distance 3a from the wall, where a is the half thickness of
the cavity.

An exact solution of the Laplace equation of ¥ satisfy-
ing the boundary conditions is

_ @ —mrb— . g_)_‘[’ol_
V= gl A, e sm(nfrb 5

x
1 —@n+ D —
2n+le bsin[ (2n+1)7r%-]

4E 2
+ —— E
T a=0
(21)
where

2 ¢ Y
= — — U, ( 1r-—-)d 22
A fo (y) cos | n A y  (22a)

E=1wv, (1+—Z>—-2Ansin <n1r-bi) (22b)

The value of ¥ and the function U,(y) are determined by
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the pressure and temperature distributions at the gate and
the front, which are affected by a fluid’s properties. To
study the flow near the origin, x = o0 and y = o, a power
expansion technique described by Imberger (1972), for
investigating two-dimensional sink flow of a stratified
fluid, may be used.

In conjunction with the solution of the stream function,
the pressure distributions can be found through their cor-
relations with the velocity components. Let Ry(t) denote
the axial location (at y = o plane) of the front at zero
pressure. Then the solution of pressure is

Pyt) _ | Hxy1)

(23)
Po(t) H(Ry, o, t)

where

To

H(x,y,t) = 2 A‘n[e— r;cos (M—%)—-B b_]
n=1

+*Iro(x_ro
2 \b b

o x
AE 1 [ —~(2n + l)r; [ y ]
-+ T = on n 1 e Cos (2n -+ l)ﬂ-b—'

—~e (24)

To
@n+ D7 ]

The above analytical expression for pressure is very use-
ful, as it demonstrates explicitly the roles of the front
location, of the pressure, and of the velocity profile at the
gate (or the flow rate) in shaping the overall pressure dis-
tributions in the cavity. It will be shown later that the
progression of the front, represented by R;(t), can be
computed readily with the use of Equation (23). Figure
2 shows typical nondimensional pressure profiles, along
the x axis, associated with different front locations. It is
worth noting that the pressure profiles are not sensitive to
the functional form of U,(y), which is similar to the ve-
locity profile at the gate.

As mentioned earlier, the injection mold flling is char-
acterized by the progression of the free (or front) surface.
In fact, the determination of front shapes can be a sensi-
tive criterion for a satisfactory numerical simulation of in-
jection filling. In the framework of the present analysis,
the computation is rather straightforward. Let x (y) de-
note the x coordinate of a constant pressure line. Then, on
such line a functional differentiation leads to the following
equation for x(y) as

d: P P
X __ & * (25)
dy dy Ix

The pressure gradients can be readily evaluated from
Equation (23). This formulation eliminates the effects of
surface tension and normal stresses. To find the front
shape at a specified location Ry, the computation of the
above equation may start with the right-hand side evalu-
ated at x = Ry and y = o. Figure 3 shows com-
putational front shapes and isopressure lines. The profiles
vary with the effective width of the gate but are not sensi-
tive to the velocity distribution at the gate. Also shown in
the same figure are the corresponding normalized stream-
lines, The flow patterns agree satisfactorily with experi-
mental observations with high-speed photography (Doan,
1974). Note that the isopressure lines shown in the figure
within the radius equal to the width of the cavity are valid
only after the front reaches the side walls.
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Radial Flow

A radial flow prevails before the flow front confronts the
parallel edges. The streamlines are straight and radial
trom the gate, and the front shapes are semicircular. Since
the wall effects are incorporated into the boundary condi-
tions of the foregoing soiutions, the latter are not applic-
able to the preceding radial flow. Although this flow has
been investigated elsewhere, for completeness, an analysis
for such flow is outlined here.

Despite the fact that the Laplace equation can be trans-
formed into a cylindrical coordinate to solve for the pres-
sure field, it is more accurate to work directly on momen-
tum equations in such a coordinate system in consideration
of the diverging nature of the flow. As required by the
continuity of the flow, the radial velocity V, is inversely
proportional to the radius from the gate

f(a,1)
L2 (26)

In relating to the viscosity and a radial pressure gradient,
the velocity can also be expressed as

dP (¢ z
- _—  d7 2
or \fa 'T](T, Z’, t) ( 7)

which is similar in form for the two velocity components
given in Equations (5) and (8). The local shear rate can
be evaluated through the momentum equation if the vis-
cosity function and the pressure gradient are known

v, aP
=—z (28)
;74 ar

Vy=

Unlike the previous analysis for the flow in the rectangu-
lar region, we will specify here a viscosity function to
solve for the pressure profile. This approach may lead to
a solution more sensitive to the change of viscosity curves.
The following analysis will be based on a power law model
with temperature variations. The model is

m=mr|y|™ (29)

The parameter n is the power index associated with the
slope of the viscosity curve vs. the shear rate plotted on a
log-log scale. %7 denotes variation with the temperature or
activation energy.

Assuming that 47 varies weakly with r, we obtain a solu-
tion for the pressure as

P(r,t) _ Rp(t) —rm
Po(t)  Rp(t) — 1ot

where B;(t) is the front location, and P,(¢) denotes the
pressure variation in time measured at 7, close to the gate,

(30)

Front Progressicn Speed

There are two independent methods for evaluating the
flow rate provided the front position is known: by inte-
grating the velocity profile over the cross-section area,
and by the rate of increase of the occupied volume. As
both answers are to be consistent, this requirement pro-
vides a means for finding the front’s location or progres-
sion speed.

If we regard the front speed as an average velocity
across the cavity gap, then the front progression along the
x axis can be obtained from Equation (5) as

dR aP 1
1L = "o dz (31)
Tox a Ve
The right-hand side should be evaluated at x = Ry and
y = o. In terms of the front speed, the flow rate @ can
be expressed as
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d(volume) . dA dR;
dt T dRs dt

where A is the area wetted or covered by the melt flow
and is a function of the front location Rf(¢). Note that
dA/dR; can be evaluated through the front shape deter-
mined by Equation (25) or by an approximate profile.
If the flow rate is given, then it suggests an alternative
method of finding the progression speed, that is, from

Equation (32):
dRy Q

dt =2 dA (33)

dRy

Q= (32)

Temperature Field

Heat conduction and viscous heating contribute to tem-
perature variations in the flow medium. They are gov-
erned by the energy equation, and its solution is to be
solved simultaneousiy with the momentum equations.

For narrow passages, the heat transfer is considered
mainly in the z or thickness direction. Manipulation of the
energy equation with the thin cavity approximation leads
to the following working equation of nondimensional form

BT

(34)

where
F:\/(fg;) ET 21
—il: —%—f—él (35b)

The nondimensional quantities are defined below

z r

x* = b’ y“='%: za‘—‘;" r‘=_b' (36(1)
T—-T, . ay P
T¢ o2 o=l pr——— (36D
Te—Ty " " U (%Ub) (36D)
a2
ut bk 'nobU
tF  =e——, B = =
b P ey T e Ty (56

For neatness, the asterisks are dropped from the non-
dimensional quantities in Equation (34) and the expres-
sions to follow.

The initial and boundary conditions of the temperature
field are complicated by the mold heating and nonuni-
formity of melt temperature at the cavity inlet as a result
of flow through the runner and the gate. Practically, the
can be simplified, however, because of a fluid element’s
short residence time in the runner and gate, and little tem-
perature rise in the mold.

Letting the temperature field at R, near the gate, be
T,o, we may set the initial and the boundary conditions as

0:1 r:RD)'—1<z<1,tg=0 (37a)
To=0 r=Ry,, z==x1, >0 (37b)

where R, = 7,/b. 1t is noted here that R, is also the start-
ing location in the temperature field consistent with the
flow field. ¢, is the time counted from the moment of the
front reaching R,. Let the temperature and the residence
time of a flow element, say i, occupying a local cavity gap
be T; and #; respectively. Then its initial and boundary
conditions are

Ti(Ri, 2, ;) = To(rg, 2, t)Ri=R,, —1<z<], ;= 0

(38a)
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Ti<Ri, z, ti) =0 R = Ri(ti), ==1 >0 (38b)

Note that the mold temperature is assumed uniform as
shown above. The identity of the front element is R; = Ry
and # = t. In this paper all the thermal properties will
be regarded as constants in the present analysis. The crys-
tallinity and the latent heat will also be ignored.

The energy equation of heat conduction and generation
have been solved by Peterson (1941) in cases of infinite
and semi-infinite solids. Applying his method to the slab,
we obtain the solution to Equation (34) satisfying the
described conditions as

T(x,y,21t) =
2n + 1 2

R

2 Ay e + TE,

n=0

005(21‘1;— 1 wz) (39)
where
t (in_:_._l_ 1,-)2ﬁ()\ —t) 1

En:j; ]F]e 2 d)\j; 2|)3|z
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on4+1
—-—2-—1rz)dz (40)

The proper forms of the function F are given in Equa-
tions (35a) and (35b). Instead of integrating from o to
¢, we can rewrite the right-hand side of Equation (40)
in a form so that E, can be evaluated in terms of its
preceding value and current values of F and y. By re-
lating the coordinates, the residence time, and the flow
quantities to a flow element followed, the above solution
gives the temperature history of that element. In that case,
A’y is the Fourier component of the initial temperature
of that element given in Equation (38a). For the element
and the temperature field at Ro, A'p is (4/7) (—1)"/(2n
+ 1).

COMPUTATIONS AND RESULTS

In the foregoing analysis, the equations and solutions
are written in three-dimensional forms. For rigorous com-
putations, one can establish a system of equations to solve
for the front speed and the temperature and other flow
quantities at any point inside the cavity. Nevertheless,
one of the advantages of the present method is that one
only needs to calculate the temperature and the flow
quantities on the symmetric plane (y = o). From the
values computed in this plane, isolines of such quantities
can be extended to any other points of interest in the
cavity. Usually the determination of the isolines by using
the pressure or the stream function is a much easier task.

To start computation, an initial value of pressure gradi-
ent is needed. Assuming that the temperature is rather
uniform when the front enters the cavity, we estimate the
value of nondimensional pressure gradient at R, to be

1-n
ap#z_(dp** 3—2n) el ey
or® dt* 1—n b

(41)

It is obtained through the use of a pressure profile of the
radial flow given in Equation (30) and a velocity solution.
The rate of pressure increase is known from a given pres-
sure input Po(t) at Ro. At this location, which is close to
the gate, the heat transfer is two dimensional, similar to
the cooling of the gate. To account for this additional
cooling and for the sake of convenience, we assume that
the magnitude of the second derivative of temperature
in y is close to that in z because the dimensions of the
gate width and the thickness are close. With this approxi-
mation, we simply replace 8 by 28 in Equation (34) to
calculate the heat transfer at R,. This correction is sig-
nificant since the data at R,, or at the gate, are related to
the whole flow field.

Then the subsequent computations are as follows. After
Equation (41) is used, the shear rate distribution may
be calculated so that the temperature profile can be deter-
mined. These two data shall be used for finding the vis-
cosity variations. Based on the latter values, we can com-
pute velocity distributions, the flow rate, and the front
speed. Consequently, a new front position is located, and
a new pressure gradient is evaluated with reference to a
given pressure increase over a small time increment. These
steps are repeated in time by using radial flow equations
until the front reaches the cavity edges, since then all the
flow quantities are governed by the pressure and the
stream function imposed in the rectangular domain.

For comparison with laboratory results, our computa-
tions are based on the experimental data given by Doan
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TABLE 1. ReEsIN CHARACTERISTICS

DuPont
P.E. 2511
Main characteristics low density
Thermal properties
Density (g/cm3) 0.940
Specific heat (k]/kg K) 2.53
Thermal conductivity
(W/mX) 0.199
Rheological characteristics
n 0.296
AE/R (1/°K) 2115
Ac (mNs - s—/m?2) 0.938 x 105
Lower bound (s—1) 10
Upper bound (s—1) 10t

(Assuming n = Ac exp(AE/RT) |4|~" Tin Kand 4 in s—1)

& Casel7
E Case25
E Casel .
28 — Pressure AtR. |30 3
09]0 ‘l 1\\\ (Ro=.]5) r‘é
x N o <
‘72‘ f/‘ N Flow Rate o0 %
2 sl el o
8 Ty o m 3
i r/// Tl \\\\ _ T ]0 I
TNgE T e ] 7
% 2 3 4 5 &6 7 8

Time (sec)
Fig. 6. Pressure measured near a gate and calculated flow rates.

(1974). The experiments were carried out in a Metalmec
2-1/3 oz reciprocating screw injection molding machine,
and the materials were commercial polyethylene and poly-
styrene resins. These two resins represent different rheo-
logical behaviors. Polystyrene is amorphous and more sus-
ceptible to changes in temperature and shear rate, while
polyethylene is less sensitive but will be crystallized upon
cooling. For illustration, the viscosity variations of these
two resins are shown in Figure 4 and Figure 5. Their ther-
mal and rheological characteristics are given in Table 1.
The trends of the data are approximated by using power
law models with upper and lower bounds. The depen-
dency on temperature is described by an exponential func-
tion of reciprocal temperature. We select typical cavity
pressures, measured at 0.476 cm from the gate, represent-
ing two resins and wide variations of molding conditions
as our pressure inputs P,(t) for computations. They are
shown as case 1, case 17, and case 25 in Figure 7, in
which R, denotes a nondimensional distance from the gate.
All of these data were obtained with a rectangular cavity
with the dimensions of 0.318 cm X 6.35 cm X 22.9 cm.
It should be mentioned here that in these experiments the
cavity walls (z = %= a) were cooled by air maintained at
26.7°C. No appreciable temperature gradients were im-
posed in width and length directions.

With given pressure inputs, the computed flow rates are
also shown in Figure 6. It is certainly feasible that one
can establish a computing scheme in which the flow rate
is taken as a given boundary condition. In that case, the
cavity pressure can be predicted. The illustrated results
show that the flows are accelerated in the early phase of

AIChE Journal (Vol. 22, No. 4)

DuPont
P.E. 2907 Dow Chemical
high density P.S. styron 683
0.960 0.978
2.57 2.34
0.216 0.0976
0.345 0.632
1580 5910
1.63 x 108 0.885 x 104
10 10
104 104
T T L] T T LE
CASE1
PE.2511 /
20} Tp= 177°C E
Tm=26.7°C
E
s
[¥¥]
g0 .
< —}— PRESSURE TRANSDUCER
g ______ EXPERIMENTAL
o PHOTOGRAPHY
; —-— COMPUTATION
<
0 1 1 1 1
0 5 1.0 1.5 20 25 3.0
TIME (SEC)
Fig. 7. Progression of flow front, P.E. 2511.
CASE 17 —
PE. 2907 o
20L T;204°C |
T,726.7°C
t
K —}— PRESSURE TRANSDUCER

s 7 EXPERIMENTAL

Zi0 PHOTOGRAPHY l
s —-~COMPUTATION

3

d

«

>

L-4

% 1 7 8

3 4
TIME(SEC)
Fig. 8. Progression of flow front, P.E. 2907.

injection in these particular experimental runs. The ac-
curacies of both computational and experimental results
are represented in Figures 7, 8, and 9. Note that the mold-
ing conditions involve low and high temperatures with
slow and fast injection speeds. Because of the sizes of the
pressure transducers and the meniscuses of the front be-
tween two narrow plates, there are discrepancies between

the readings of the transducer and the high-speed pho-
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CASE 25
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Fig. 9. Progression of flow front, P.S. 683,
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Fig. 11. Velocity distributions in the cavity gap.
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Fig. 12. Temperature distributions from the gate to the cavity end.

tography in tracing the front advancement. In comparing
the front locations at a given time with these cases and
other experimental results reported (Doan, 1974), most
of our computational results show less than 15% error.
The accuracy ean also be tested by comparing the pres-
sure drops from the gate to the front such as the one al-
ready shown in Figure 2.

Owing to viscous heating and cooling of the mold, the
resultant temperature field is complex. Figure 10 shows
typical temperature profiles across the cavity gap near the
gate and at the front at different times. There are substan-
tial effects of temperature on the velocity profiles as evi-
denced in Figure 11. It shows immobility of growing
frozen layers close to the cold walls. Furthermore, one
can visualize that the flowable central portion of the cavity
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CASE 25
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Fig. 10. Temperature distributions in the cavity gap.

is the channel for melt transportation to form a new ad-
vancing front.

Figure 12 shows the temperature distribution across
the cavity at the end of filling. The computational result
is accomplished by following well-spaced fluid elements
entering the cavity. In view of the fact that the fluid ele-
ments lined up across the gap at a location x and y are
not the same elements entering the cavity, the method
employed yields only approximate results. It is interesting
to note that the figure shows little temperature variation in
the flow direction. This is partly due to the fact that the
temperature distribution in the gate is that of the outgoing
fluid element. Moreover, the result justified our previous
assumption of small temperature gradients in the flow
directions.

In summary, it is shown that the use of a generalized
viscous model can closely simulate the behaviors of ther-
moplastics in injection filling thin cavities. Besides, the
flow patterns can be described by the Laplace equations
in the case of small variation in fow area and moderate
change of temperature in main flow directions.
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NOTATION
a, b

1l

half thickness and half width of a rectangular cav-
ity, respectively
half width of a gate
specific heat
time function defined in Equations (9) and (10)
thermal conductivity
= pressure
»(t) = given pressure profile at 7,
radial coordinate with origin at gate-cavity junc-
tion
location of progressing front along x axis
location of pressure transducer near the gate
nondimensional distance, 7,/b
time
temperature
reference velocity
axial velocity component at the cavity entrance
radial velocity
profile of flow front
= Cartesian coordinate system, see Figure 1
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Greek Letters
y shear rate

‘y —_—

" = shear viscosity

mo = reference viscosity

mr = temperature function defined in Equation (29)
p = density

T = shear stress

©® = derived function as defined in Equation (7)
X = x coordinate of a isopressure line

¥ = stream function

¥, = constant, see Equations (16a) and (16b)
T» = mold wall temperature

T. = melt temperature (or barrel temperature)
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Turbulent Drag Reduction in Dilute Fiber
Suspensions: Mechanistic Considerations

Both fibrous and polymeric additives, used alone or in combination,

D. D. KALE

appear to affect primarily the fluid in the sublayer region adjacent to a and
solid surface, contrary to previous predictions. An analysis of fluid deforma-

tion modes shows tentatively why drag reduction levels become less sensi-
tive to system scale when fibrous additives are employed, and why poly-
meric and fibrous additives may be more effective in combination than

when either additive is used alone.

A. B. METZNER

Department of Chemical Engineering
University of Delaware
Newark, Delaware 19711

SCOPE

Drag reduction, under turbulent flow conditions, has
been observed in solutions of synthetic as well as natural
polymers, in suspensions of solid particles, and in micellar
systems. Comprehensive and readable accounts have been
provided in recent years by Savins (1967, 1969), Kenis
(1968), Hoyt (1972a, 1972b), Little et al. (1975), and
Virk (1975). Mechanistic interpretations of the phenom-
enon in polymer solutions have centered on the visco-
elastic (nonlinear) fluid properties for many years (Dodge
and Metzner, 1959; Metzner and Park, 1964; Astarita,

Correspondence concerning this paper should be addressed to A. B.
Metzner. D. D. Kale is now with the University of Bombay, Matunga,
Bombay 19,
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1965; Gadd, 1965). Seyer and Metzner (1966, 1969) in-
troduced arguments concerning the high resistance of
viscoelastic media to elongational deformations, and Han-
sen (1973) and Ruckenstein (1971) focused upon the low
resistance to deformation of viscoelastic media when de-
formed on time scales which are small in comparison to
the natural time of the medium.

Suspensions of solid particles, especially fibrous ones,
exhibit a number of pragmatic advantages over polymers
when use of additives is considered for drag reduction
purposes: they offer a much greater resistance to degrada-
tion, their efficacy is less sensitive to the scale of the
process, and they may be removed from the fluid more
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